Abstract. We define weighted fractional Brownian sheets, which are a class of Gaussian random fields with four parameters that include fractional Brownian sheets as special cases, and we give some of their properties. We show that for certain values of the parameters the weighted fractional Brownian sheets are obtained as limits in law of occupation time fluctuations of a stochastic particle model. In contrast with some known approximations of fractional Brownian sheets which use a kernel in a Volterra type integral representation of fractional Brownian motion with respect to ordinary Brownian motion, our approximation does not make use of a kernel.
Introduction
Fractional Brownian sheets have been studied by several authors for their mathematical interest and their applications. One of the first papers on the subject is [12] . Some types of approximations of fractional Brownian sheets have been obtained recently (e.g. [2] , [3] , [9] , [13] , [14] , [15] ). In this paper we give a new type of approximation for certain values of the parameters by means of occupation time fluctuations of a stochastic particle model. The limits that are obtained in this way are a more general class of Gaussian random fields.
We consider centered Gaussian random fields W = (W s,t ) s,t≥0 with parameters (a i , b i ), i = 1, 2, whose covariance is given by
where each C (i) is of the form 2) with the following ranges for the parameters:
is the covariance of weighted fractional Brownian motion with parameters (a i , b i ). Weighted fractional Brownian motions were introduced in [7] . We call W a weighted fractional Brownian sheet with parameters (a i , b i ), i = 1, 2. In the case a 1 = a 2 = 0 (the weight functions are 1) W is a fractional Brownian sheet with parameters ( Due to the covariance structure (1.1), (1.2), many properties of W are consequences of those of weighted fractional Brownian motion. We will prove an approximation in law of W for a i and b i of the form a i = −γ i /α i , b i = 1 − 1/α i , with 0 ≤ γ i < 1 and 1 < α i ≤ 2; hence the approximation is restricted to values of a i and b i such that −1 < a i ≤ 0 and 0 < b i < 1 + a i , i = 1, 2.
The approximations of fractional Brownian sheets in [2] , [15] are based on a Poisson random measure on R + × R + and a kernel which appears in a Volterra type integral representation of fractional Brownian motion with respect to ordinary Brownian motion. The approximation in [3] , analogous to the functional invariance theorem, also uses the kernel. Our approach does not use a kernel. We also use a Poisson random measure, but on R × R instead of R + × R + and in a different way from [2] , [15] . Some of the other approximations cited above are motived by simulation of fractional Brownian sheets. Our approximation is not intended for simulation, but rather to show that weighted fractional Brownian sheets emerge in a natural way from a simple particle model.
In section 2 we give the properties of W , in particular long-range dependence. In section 3 we describe the particle system and we prove convergence to W of rescaled ocupation time fluctuations of the system for the above mentioned values of the parameters.
Properties
We consider R 2 + with the following partial order: for z = (s, t) and If X = (X z ) z∈R 2 + is a two-time stochastic process, the increment of X over the rectangle (z,
We denote the covariance of the increments of the process X over the rectangles
The covariance of W over rectangles is given by (1) Self-similarity: 
lim ε,δ→0 
converge as T, S → ∞ to those of fractional Brownian sheet with parameters ( 
Proof. Except for part (9) , the proofs follow directly from the form of K W given by (1.1), (1.2) and properties of weighted fractional Brownian motion [7] . We give an outline of the proof of part (9). We have, for u < v, s < t, 10) and similarly for the last two terms. The result follows from (2.9), (2.10) and the limits lim
Remark 2.2. There are three different long-range dependence regimes in property (9) , and they are independent of a 1 , a 2 . The covariance of increments of Z has a power decay for b 1 + b 2 < 1, a power growth for b 1 + b 2 > 1, and a non-trivial limit for b 1 + b 2 = 1. We do not know if this property has been noted before for fractional Brownian sheets. It is worthwhile to observe that the non-Gaussian
θt ) t≥0 , where Y (i) are independent weighted fractional Brownian motions with parameters (a i , b i ), i = 1, 2, has the same long-range dependence behavior.
In [7] it is shown that A s,t = t s u a (t − u) b du, 0 ≤ s < t, has the following bounds: If a ≥ 0, s, t ≤ T for any T > 0 and constant M = M (T ), and also if a < 0, s, t ≥ ε for any ε > 0 and constant M = M (ε),
Then it follows from (2.4) that for 0 < ε ≤ s < s ′ < T, 0 < ε ≤ t < t ′ < T and i = 1, 2,
where
The next lemma allows us to prove the continuity of W .
be a two-time stochastic process on a probability space (Ω, F, P ) which is null almost surely on the axes and such that there exist
Then X has a modificationX with continuous trajectories. Also, the trajectories ofX are Hölder with exponents (a 
with some constants C and M . Taking r > max {2/δ 1 , 2/δ 2 } we have the conditions of Lemma 2.3, and the result follows.
Approximation
The random field W , for some values of the parameters a i , b i , arises as a limit in distribution of occupation time fluctuations of a system of particles of two types that move as pairs in R × R according to independent stable Lévy processes. The system is described as follows. Given a Poisson random measure on R × R with intensity measure µ, N 0,0 = Pois(µ), from each point (x 1 , x 2 ) of N 0,0 come out two independent Lévy processes, from x 1 comes out ξ x1 , symmetric α 1 -stable, and from x 2 comes out ζ x2 , symmetric α 2 -stable (0 < α i ≤ 2, i = 1, 2). Let N = (N u,v ) u,v≥0 denote random measure process on R × R such that N u,v represents the configuration of particles at time (u, v),
We define the occupation time process of N by
and the rescaled occupation time fluctuation process by
where T is the time scaling and F T is a norming. We choose the intensity measure µ for the Poisson initial particle configuration as
5) The homogeneous case corresponds to γ 1 = γ 2 = 0 and it gives rise to the usual fractional Brownian sheet. We will show that for
the finite-dimensional distributions of the process X T converge in law as T → ∞ to those of weighted fractional Brownian sheet with parameters
In the case a 1 = a 2 = 0 we will also prove tightness.
by (3.6), then the finite-dimensional distributions of X T converge as T → ∞ to the finite-dimensional distributions of DW , where W is weighted fractional Brownian sheet with parameters
a 1 = −γ 1 /α 1 , b 1 = 1 − 1/α 1 , a 2 = −γ 2 /α 2 , b 2 = 1 − 1/α 2 ,
and D is the constant
where p α t (x) is the density of the symmetric α-stable Lévy process, which is given by
which we do by proving convergence of the corresponding characteristic functions. From the fact that N 0,0 = Pois(µ 1 ⊗ µ 2 ), we have for each θ ∈ R,
where E (x1,x2) denotes expectation starting with one pair of initial particles in (x 1 , x 2 ), (see e.g. [11] , mixed Poisson process). We also need the mean and the covariance of N . From the Poisson initial condition, the first and second moments are given by
and
hence, by the independence of ξ and ζ, and the Markov property,
where T αi t denotes the semigroup of the symmetric α i -stable process. Using an expansion of the characteristic function (see e.g [5] , p. 297) in the integrand with respect to (x 1 , x 2 ) in (3.8), it is equal to
, where
(3.11)
and by (3.3) and a previous calculation,
Now, recalling (3.6) we have
, using the self-similarity of the α-stable process in R, i.e., p
, and then substituting x = (T (u
Taking T → ∞ in (3.14) we obtain the limit
By (3.13), (3.14) and (3.15),
where D is defined by (3.7) and C (i) is as in (1.2) with a i = −γ i /α i , b i = 1 − 1/α i . Proceeding similary with the third order term we find
u 1 ,ũ 2 ,ũ 3 denoting u 1 , u 2 , u 3 in increasing order, and similarly forṽ 1 ,ṽ 2 ,ṽ 3 .
Again, recalling (3.6), substitutingũ i = Tũ ′ i i = 1, 2, 3, using self-similarity of the α-stable process, and then substituting x = (Tũ
then from (3.17) and (3.18),
Then, from (3.11), (3.19) and (3.21) we get
Finally, putting (3.12), (3.16) and (3.22) together we obtain
and convergence of finite-dimensional distributions of X T to finite-dimensional distributions of weighted fractional Brownian sheet DW has been proved. 
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